For j ≤ k, the L( j, k)-labeling arose from code assignment problem. That is, let j, k and m be positive numbers, an m-L( j, k
Introduction
The rapid growth of computer wireless networks highlighted the scarcity of available codes (such as radio frequencies) for communication with minimum interference. For example, the Packet Radio Network (PRN) is a computer network that uses radio frequencies to transmit packet among computers. The two major types of interference in PRN are Direct collision (or interference), which is caused by the transmission of adjacent stations (computers), and Hidden terminal collision (or interference), which is caused by distance-two stations that transmit to the same receiving station or receive the data from the same transmitting station.
Let G be a graph and let V (G) and E(G) be its vertex set and edge set, respectively. For any two vertices u and v, let d G (u, v) (or simply d(u, v)) denote the distance (length of a shortest path) between u and v in G. Noted that all graphs considered in this article are simple connected and undirected. All notation not defined in this article can be found in the book [1] .
Peer review under responsibility of Kalasalingam University. For positive numbers j and k, an L( j, k)-labeling f of G is an assignment of numbers to vertices of G such that | f (u) − f (v)| ≥ j if uv ∈ E(G), and | f (u) − f (v)| ≥ k if d(u, v) = 2. The span of f is the difference between the maximum and the minimum numbers assigned by f . In other words, if we list the image of f as a non-decreasing sequence { f (u i )} 3. L( j, k)-labeling numbers of P 2 n for n ≥ 6 In this section, we shall study the L( j, k)-number of P 2 n by separating the condition j ≤ k into three cases which are j ≤ k < 2 j, 3 j ≤ k and 2 j ≤ k < 3 j, where n ≥ 6.
We consider j ≤ k < 2 j first. Define a labeling f for P
Lemma 3.1. Let j and k be two positive numbers with j ≤ k < 3 j. Then λ j,k (P 2 6 ) ≥ min{5 j, 3 j + k}.
Here, each I i is of length less than j, 0 ≤ i ≤ 4. Since any two of vertices v 0 , v 1 , v 2 , v 3 , v 4 are adjacent or of distance two, each interval I i contains exactly one labels of 5 ) fall into the same interval. By considering the distance between those vertices, we can see that only f (v 0 ) and f (v 5 ) lie in the same interval. By symmetry of the graph, it suffices to consider f
Thus λ i, j (P 
Proof. Define a labeling f for P 2 10 as follows:
is an induced subgraph of P 2 n , it suffices to show that λ = λ j,k (P 2 6 ) ≥ 3 j + k. By Lemma 3.1 and j ≤ k < 2 j, we have λ i, j (P
Combining the discussion above, we have λ(P 2 n ) = 3 j + k for 6 ≤ n ≤ 10. □ For any integer a, [a] m ∈ {0, 1, . . . , m − 1} denotes the residue of a modulo m, where m is a positive integer greater than 1. For convenience, we let 
Proof. Let (0, k, 2k, j + 2k, 2 j + 2k, 0, k, j + k, 2 j + k, 2 j + 2k, 0, j, 2 j, 2 j + k, 2 j + 2k) be the list of the values of (g(v i )) 0≤i≤14 . Hence this defines a (2 j + 2k)-L( j, k)-labeling g for P 2 15 . By Lemma 1.1 and (3.1), we have λ j,k (P 2 n ) ≤ min{2 j + 2k, 5 j} for 11 ≤ n ≤ 15. Similar to the proof of Theorem 3.2, in order to obtain the theorem it suffices to show that λ = λ j,k (P 2 11 ) ≥ min{2 j + 2k, 5 j}. Thus we have to show that "if λ < 5 j, then λ ≥ 2 j + 2k". 
Now suppose
. Let I i be intervals defined in the proof of Theorem 3.2. Note that the length of each interval is less than j. By pigeonhole principle, at least one interval contains three vertex labels. Note that such labels may be the same. Let H be a graph with the vertex set V (P 2 11 ) in which two vertices are adjacent if they are of distance at least 3 in P 2 11 . Note that, H is a compatibility graph, in which two vertices are adjacent if and only if their assigned labels can lie in the same interval I i for some i. We can see that H contains only one 3-cycle which is v 0 v 5 v 10 v 0 . Thus, only f (v 0 ), f (v 5 ) and f (v 10 ) lie in the same interval I h 0 for some h 0 . Thus, each of other interval contains exactly two labels. By symmetry of the graph, we may assume that 0 ≤ h 0 ≤ 2.
By considering the subgraph induced by {v l | 0 ≤ l ≤ 5} and the same argument in the proof of Theorem 3.2,
By considering another compatibility graph H − V 0 (Fig. 1) , we can see that
Case 1. Suppose h 0 = 0. We want to determine the span of the set
the maximum difference between each pair of labels in S.
Considering the path v 6 v 2 v 3 v 4 at the graph H 2 shown in Fig. 2 , we have an increasing subsequence
. Thus the span of S is at least k + 2 j. The reflection case of this case is h 1 h 2 h 3 h 4 = 4321. By means of reflection there are 4!/2 = 12 permutations we have to deal with. Combining all cases, we have λ − k ≥ 2 j + k. Hence λ ≥ 2 j + 2k. Case 2. Suppose h 0 = 1. Similar to Case 2 of the proof of Theorem 3.
f (V 3 ) and f (V 4 ). No matter which case, the span of the union of these three subsets is at least k + j. So
There is always a hard edge in E(V s , V t ), where 1 ≤ s < t ≤ 4. Moreover, each vertex in H 2 is of distance either 1 or 2 to v 5 in P 2 11 . Thus, for each permutation of h 1 h 2 h 3 h 4 , there always exists an increasing subsequence of f (V (P 2 11 )) involving f (v 5 ) with the span at least 2 j + 2k. For example, when h 1 h 2 h 3 h 4 = 0314, the required subsequence is
. So the span of f is at least 2 j + 2k.
Combining the discussion above, we have λ = 2 j + 2k for 11 ≤ n ≤ 15. □ Theorem 3.4. Suppose 16 ≤ n ≤ 20. Let j, k be two positive numbers with j ≤ k < 2 j. Then λ j,k (P 2 n ) = min{ j + 3k, 5 j}.
Proof. Let (0, k, 2k, 3k, j + 3k, 0, k, 2k, j + 2k, 2 j + 2k, 0, k, j + k, 2 j + k, 2 j + 2k, 0, j, 2 j, 2 j + k, 2 j + 2k) be the list of the values of (g(v i )) 0≤i≤19 . Hence this defines a ( j + 3k)-L( j, k)-labeling g for P 2 n if 16 ≤ n ≤ 20. By Lemma 1.1 and (3.1), we have λ j,k (P 2 n ) ≤ min{ j + 3k, 5 j} for 16 ≤ n ≤ 20. Conversely, we consider λ = λ j,k (P 2 16 ). Similar to the proof of Theorem 3.3 we assume λ < 5 j and show that λ ≥ j + 3k in the following. 
Let I i be defined in Theorem 3.2. By considering the subgraphs induced by {v i | 0 ≤ i ≤ 10} and {v i | 5 ≤ i ≤ 15}, we obtain that f (V 0 ) ⊂ I h 0 for some h 0 ∈ {0, 1, 2} (without loss of generality), f (V i ) ⊂ I h i , 1 ≤ i ≤ 4, where {h 0 , h 1 , h 2 , h 3 , h 4 } = {0, 1, 2, 3, 4}. Case 1. Suppose h 0 = 0. By Table 1 , we only need to consider the case when h 1 h 2 h 3 h 4 = 1234. In this case, there is a subsequence f (v 11 ) < f (v 7 ) < f (v 3 ) < f (v 4 ). Now the span of S is at least j + 2k. Case 2. Suppose h 0 = 1. Similar to Case 2 of the proof of Theorem 3.2, [ j + k, λ] contains three of f (V 1 ), f (V 2 ), f (V 3 ) and f (V 4 ). No matter which case (see Fig. 3 ), the span of the union of these three subsets is at least 2k. So λ − j − k ≥ 2k. Hence λ ≥ j + 3k. Case 3. Suppose h 0 = 2. Now {h 1 , h 2 , h 3 , h 4 } = {0, 1, 3, 4}. We have to deal with the 12 permutations of h 1 h 2 h 3 h 4 .
We only provide the discussion of the case when h 1 h 2 h 3 h 4 = 0314 here. Other cases are similarly to show. For this case, we have an increasing subsequence
. So the span of f is at least j + 3k.
Combining the discussion above, we have λ = j + 3k for 16 ≤ n ≤ 20. □ Lemma 3.5. Let W i be a set consisting of 4 vertices of a graph G, 1 ≤ i ≤ 4. Assume that E(W i , W i+1 ) contains at least 3 disjoint edges, for 1 ≤ i ≤ 3. Then there is a path w 1 w 2 w 3 w 4 with w i ∈ W i . Theorem 3.7. Suppose n ≥ 21. Let j, k be two positive numbers with j ≤ k < 2 j. Then λ j,k (P 2 n ) = min{4k, 5 j}.
Proof. Define a labeling g for P Remark 1. For 1 ≤ s < t ≤ 4, there are at least 3 disjoint edges in E(V s , V t ) ⊂ E(H 4 ). For each w ∈ V i with 1 ≤ i ≤ 4, there is a unique v ∈ V 0 such that wv ∈ E(V 0 , V i ).
be a permutation of {1, 2, 3, 4}. Let k i = σ −1 (i). By Remark 1 and Lemma 3.5, there is a path w 1 w 2 w 3 w 4 in which w i ∈ V k i . By Remark 1 again, there is w 0 ∈ V 0 such that d(w 0 , w 1 ) = 2. Hence the path w 0 · · · w 5 induces a subsequence f (w 0 ) < f (w 1 ) < f (w 2 ) < f (w 3 ) < f (w 4 ) and the span of this subsequence is 4k. Hence we have λ ≥ 4k. Case 2. Suppose h 0 = 1. Let σ = (
be a permutation of {0, 2, 3, 4}. Let k i = σ −1 (i), 2 ≤ i ≤ 4 and σ −1 (0) = ℓ. By Corollary 3.6, there are two disjoint paths w 2 w 3 w 4 and u 2 u 3 u 4 such that w i , u i ∈ V k i , 2 ≤ i ≤ 4. By Remark 1 there are u 0 , w 0 ∈ V 0 such that w 0 w 2 and u 0 u 2 are edges of E(V 0 , V k 2 ). Since only one vertex in V 0 is not adjacent to vertex of V ℓ , there is a w 1 ∈ V ℓ such that either w 1 w 0 ∈ E(V ℓ , V 0 ) or
There is a path w 1 w 0 w 2 w 3 w 4 that induces a subsequence
and E(V k 3 , V k 4 ) contain 3 disjoint edges, respectively; E(V k 1 , V 0 ) and E(V 0 , V k 3 ) contain 4 disjoint edges, respectively. By a similar argument as above, there are three paths u 1 u 2 u 0 with u 1 ∈ V k 1 , u 2 ∈ V k 1 and u 0 ∈ V 0 and three paths w 0 u 3 u 4 with u 3 ∈ V k 3 , u 4 ∈ V k 4 and w 0 ∈ V 0 . By pigeonhole principle, there are two paths u 1 u 2 u 0 and w 0 u 3 u 4 such that u 0 = w 0 . Here we have a path u 1 u 2 u 0 u 3 u 4 . Hence we have λ ≥ 4k. □ Now, we consider the case when k ≥ 3 j. 
Since we have just known that λ ≤ 2 j + k, this is not a case. So both f (v 3 ) and f (v 4 ) are either greater than or less than f (v 0 ). Without loss of generality, we may assume f (v 3 ) and f (v 4 ) are greater than f (v 0 ), otherwise consider the labeling 
It is easy to verify that g is a 2k-L( j, k)-labeling of P 2 n . Hence λ ≤ 2k. Since P 2 7 is an induced subgraph of P 2 n , it suffices to show that λ = λ j,k (P 
This completes the proof. □ Finally, we consider the case when 2 j ≤ k < 3 j. Proof. Define a labeling g for P . Thus, we have λ j,k (P 2 6 ) ≤ 5 j. Moreover, by Lemma 3.1, we have λ j,k (P 2 6 ) ≥ min{5 j, 3 j + k} = 5 j. Hence λ j,k (P 2 6 ) = 5 j. □ Theorem 3.11. Let j and k be two positive numbers. If 2 j ≤ k < 3 j and 7 ≤ n ≤ 12, then λ j,k (P 2 n ) = 3 j + k.
It is easy to check that g is a (3 j + k)-L( j, k)-labeling of P 2 12 . Thus, By Lemma 1.1, λ j,k (P 2 n ) ≤ 3 j + k for 7 ≤ n ≤ 12. Let λ = λ j,k (P 2 7 ) and let f be a λ-L( j, k)-labeling of P 2 7 . We have λ ≤ 3 j + k. As the proofs of those previous theorems, we only need to show λ ≥ 3 j + k. But the last case is impossible as λ < j + 2k. Now j ≤ f (v i ) for 7 ≤ i ≤ 12. By Theorem 3.10, we have λ ≥ 6 j. □ According to Theorems 3.2-3.12, we can obtain following conclusion.
Corollary 3.13. Let n ≥ 6 and j, k be two positive numbers.
1. For j ≤ k < 2 j, λ j,k (P 2. For 2 j ≤ k < 3 j, λ j,k (P 2 n ) = { 5 j, if n = 6, 3 j + k, if 7 ≤ n ≤ 12, min{ j + 2k, 6 j}, if n ≥ 13.
3. For k ≥ 3 j, λ j,k (P 2 n ) = { 2 j + k, if n = 6, 2k, if n ≥ 7.
